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Abstract
In 1960, J. Peetre proved the finiteness of the order of linear local operators. Later
on, J. Slova´k vastly generalized this theorem, proving the finiteness of the order of a
broad class of (non-linear) local operators.
In this paper, we use the language of sheaves and ringed spaces to prove a simpler
version of Slova´k’s result. The statement we prove, adapting Slova´k’s original ideas,
deals with local operators defined between the sheaves of smooth sections of fibre bun-
dles, and thus covers many of the applications of Slova´k’s theorem.
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1
Introduction
In 1960, J. Peetre proved a celebrated theorem on the finiteness of the order of linear local
operators; let us briefly recall the statement of this result.
Let X be a smooth manifold and let E → X , E¯ → X be vector bundles over it. Let
Diff
∼∼∼
k
R
(E, E¯) denote the sheaf of R-linear differential operators of order ≤ k between them,
and consider the direct limit
Diff
∼∼∼
R(E, E¯) := lim
→
Diff
∼∼∼
k
R
(E, E¯) ,
so that elements in the vector space of global sections DiffR(E, E¯) are linear differential
operators locally of finite order.
On the other hand, let E , E¯ be the sheaves of smooth sections of E, E¯. A morphism of
sheaves φ : E → E¯ is R-linear if φ(λs + µs′) = λφ(s) + µφ(s′), for any real numbers λ, µ and
any sections s, s′ defined on any open set. Let HomR(E , E¯) denote the vector space of linear
morphisms of sheaves.
Clearly, any linear differential operator P : E  E¯ defines a linear morphism of sheaves
φP : E → E¯ , and Peetre’s theorem affirms the reciprocal: any linear morphism of sheaves is
produced by a differential operator.
Theorem 3.1 (Peetre, [8]). The map P 7→ φP establishes a linear isomorphism:
DiffR(E, E¯) = HomR(E , E¯) .
Later on, Cahen, De Wilde and Gutt ([1]) proved a multilinear version of this result in
the course of their investigations on Hochschild cohomology of smooth manifolds. But it was
J. Slova´k whom, in the context of the theory of natural bundles, vastly generalized Peetre’s
theorem, proving the finiteness of the order of a broad class of (non-linear) local operators
([9]). Since then, other authors ([2], [12]) have found various classes of local operators for
which different finiteness properties apply. Nevertheless, all these non-linear Peetre theorems
remain rather technical, whereas, as Slova´k himself pointed out ([10], Section 1.3), a weaker
statement was enough for many of the applications.
In this paper, following Slova´k’s ideas, we give a complete proof of a simple version of this
Peetre-Slova´k’s theorem, whose level of generality is enough for the main applications in the
theory of natural operations (see recent work in [5], [6], [7], and compare to those in [4], [10]),
as well as for those in the geometric theory of variational calculus ([3]).
To be precise, let F → X , F¯ → X be fibre bundles over a smooth manifold X . A (possibly
non-linear) differential operator between them is a “smooth” map P : JF → F¯ over X . Here,
JF denotes the space of ∞-jets of F , endowed with the smooth structure that inherits as
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the inverse limit, in the category of ringed spaces, of the sequence of k-jet prolongations (see
details in Section 1.1).
On the other hand, let F , F¯ be the sheaves of smooth sections of F and F¯ . A morphism of
sheaves φ : F → F¯ is regular if it maps smooth families of sections of F into smooth families
of sections of F¯ .
As an example, any differential operator P : JF → F¯ defines a regular morphism of
sheaves:
φP : F → F¯ , s 7→ P (j
∞
x s) .
This paper is devoted to the proof of the following statement (that is a particular case of
[9], Thm. 2):
Theorem 4.1. The map P 7→ φP defines a bijection:
Diff(F, F¯ ) = Homreg(F , F¯) ,
where Diff(F, F¯ ) stands for the set of differential operators, and Homreg(F , F¯) for that of
regular morphisms of sheaves.
This note is organized as follows: in the first Section, we review the smooth structure of
the space of jets, as well as the statement of Whitney’s Extension Theorem, that will be used
in the subsequent proof.
The second Section is devoted to the proof of some technical results, of independent
interest, and the key Lemma 2.6.
Finally, we accomplish the proofs of Theorem 3.1 and Theorem 4.1 in sections three and
four, respectively.
1 Preliminaries
1.1 The ringed space of jets
Let F → X be a fibre bundle. Its jet prolongations produce a sequence of smooth maps:
. . .→ JkF → Jk−1F → . . .→ F → X .
The ∞-jet prolongation JF is intuitively defined as the inverse limit of this sequence. As
the category of smooth manifolds does not posses inverse limits, we will work in the larger
category of ringed spaces:
Definition 1.1. A ringed space is a pair (X,OX), where X is a topological space and OX is
a sub-algebra of the sheaf of real-valued continuous functions on X.
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A morphism of ringed spaces ϕ : (X,OX)→ (Y,OY ) is a continuous map ϕ : X → Y such
that composition with ϕ induces a morphism of sheaves:
ϕ∗ : OY → ϕ∗OX .
The set of morphisms of ringed spaces will be denoted Hom(X, Y ).
As an example, any smooth manifold X is a ringed space, where OX = C
∞
X is the sheaf of
smooth real-valued functions. If X and Y are smooth manifolds, a morphism of ringed spaces
X → Y is just a smooth map.
Definition 1.2. The space of jets, JF , is the ringed space (JF,OJ) defined as follows:
• the underlying topological space is the inverse limit of the topological spaces JkF ; i.e.,
is the set:
JF := lim
←
JkF
endowed with the minimum topology for which the natural projections πk : JF → J
kF
are continuous.
• the sheaf of smooth functions is:
OJ := lim
→
π−1k OJk (1.1.1)
so that, locally, every smooth function on JF can be written as h ◦ πk, for some smooth
function h on some Xk.
With this sheafOJ of smooth functions, the canonical projections πk : (JF,OJ)→ (J
kF,OJk)
are morphisms of ringed spaces.
Theorem 1.1 (Universal Property). For any ringed space (Y,OY ), the projections πk induce
a bijection, functorially on Y :
Hom(Y, JF ) = lim
←
Hom(Y, JkF ) .
Proof: One inclusion being obvious, let us only check that if ϕ : Y → JF is a continuous map
such that πk ◦ϕ is a morphism of ringed spaces for any k ∈ N, then ϕ is a morphism of ringed
spaces.
Let f ∈ OJ(U) be a smooth function and let y ∈ ϕ
−1(U). On a neighbourhood of ϕ(y),
the function f factors as f = fk ◦ πk for some fk ∈ OJkF (Vk), and therefore:
ϕ∗f = ϕ∗(fk ◦ πk) = (πk ◦ ϕ)
∗fk
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that belongs to OY ((πk ◦ ϕ)
−1Vk) because πk ◦ ϕ is a morphism of ringed spaces.

Definition 1.3. Let s : X → F be a smooth section. Due to the Universal Property, the k-jet
prolongations jks : X → JkF produce a morphism of ringed spaces,
j∞s : X → JF , j∞s (x) = j∞x s ,
called the jet prolongation of s.
Proposition 1.2. Let Z be a smooth manifold. A continuous map ϕ : JF → Z is a morphism
of ringed spaces if and only if for any point x ∈ JF , there exist k ∈ N, an open set U ⊂ JkF
and a smooth map ϕk : U → Z such that:
π−1k (U)
ϕ
//
pik
❁
❁❁
❁❁
❁❁
Z
U
ϕk
FF
✌✌✌✌✌✌✌
.
Proof: Let ϕ : JF → Z be a continuous map, let x ∈ JF be a point and let (V, z1, . . . , zn) be
a coordinate chart around ϕ(z) in Z.
If ϕ is a morphism of ringed spaces, each of the functions z1 ◦ ϕ, . . . , zn ◦ ϕ ∈ O∞(ϕ
−1V )
locally factors through some J lF . As they are a finite number, there exists k ∈ N and an
open neighbourhood U of x such that all of them, when restricted to U , factor through JkF .
Hence, ϕ|U = (ϕk ◦ πk)|U , where ϕk ≡ (z1 ◦ ϕ, . . . , zn ◦ ϕ).
Conversely, if ϕ = ϕk◦πk on a neighbourhood of a point, then ϕ
∗f = f ◦ϕ = f ◦(ϕk◦πk) =
((f ◦ ϕk) ◦ πk) on that neighbourhood, so that ϕ
∗f is a smooth function on JF and ϕ is a
morphism of ringed spaces. 
1.2 Whitney’s Extension Theorem
For any pair of multi-indexes,
I = (r1, . . . , rn) , J = (r1, . . . , rn) ∈ Z
+× n. . . ×Z+
let us introduce the following notations:
|I| := r1 + . . .+ rn , I! := r1! . . . rn! , I + J := (r1 + r1, . . . , rn + rn) .
Some other standard multi-index notation will be used throughout this Section, without
more explicit mention. As an example, the Taylor expansion of a smooth function f on Rn
5
at a point a ∈ Rn is denoted:
Taf :=
∑
I
DIf(a)
I!
(x− a)I .
Definition 1.4. A Taylor expansion Ta at a point a ∈ R
n is an arbitrary series:
Ta =
∑
I
λI,a
I!
(x− a)I λI,a ∈ R .
A family of Taylor expansions {Ta}a∈K on a set K ⊂ R
n defines functions:
λI : K → R , a 7→ λI,a .
Let K ⊂ Rn be a compact set and consider a family of Taylor expansions {Ta}a∈K on the
points of K. This Section deals with the question of whether there exists a smooth function
f ∈ C∞(Rn) such that Taf = Ta, for all a ∈ K.
A necessary condition is given by Taylor’s Theorem: if f is a smooth function on Rn and
K ⊂ Rn is a compact set, then for any m ∈ N and ǫ > 0, there exists δ > 0 such that:
x, y ∈ K , ‖x− y‖ < δ ⇒
∣∣∣∣∣∣ f(y)−
m∑
|J |=0
DJf(x)
J !
(y − x)J
∣∣∣∣∣∣ ≤ ǫ ‖y − x‖m . (1.2.1)
Whitney’s Theorem provides a sufficient condition:
Whitney’s Extension Theorem ([11]): Let K ⊂ Rn be a compact set and let {Ta}a∈K be
a family of Taylor expansions on K.
There exists f ∈ C∞(Rn) such that Taf = Ta for any a ∈ K
if and only if the following condition (that we will refer to as ”Taylor’s condition”) holds:
For any given I, m ∈ N, and ǫ > 0, there exists δ > 0 such that:
x, y ∈ K , ‖x− y‖ < δ ⇒
∣∣∣∣∣∣λI,y −
m∑
|J |=0
λI+J,x
J !
(y − x)J
∣∣∣∣∣∣ ≤ ǫ ‖y − x‖m .
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2 Morphisms of sheaves
This Section is devoted to the proof of Propositions 2.2 and 2.3, regarding arbitrary morphisms
of sheaves between sheaves of smooth sections of fibre bundles.
Lemma 2.1. Let K ⊂ Rn be the truncated cone on Rn defined by the equations:
K := {x ∈ Rn : x21 + . . .+ x
2
n−1 ≤ x
2
n , |xn| ≤ 1 } (2.0.2)
and let K1 := K ∩ {xn ≥ 0} and K2 := K ∩ {xn ≤ 0}.
If u, v ∈ C∞(Rn) are smooth functions with the same Taylor expansion at the origin,
T0u = T0v, then there exists f ∈ C
∞(Rn) such that
f|K1 = u|K1 , f|K2 = v|K2 .
Proof: It is enough to argue the case v = 0. To do so, let us check we can apply Whitney’s
Theorem to the following family of Taylor expansions:
Ta :=

Tau , if a ∈ K10 , if a ∈ K2 .
Taylor’s condition trivially holds whenever x, y ∈ K1 or x, y ∈ K2. If x ∈ K1 and y ∈ K2
(the case where x and y are interchanged is analogous), then:
‖x‖, ‖y‖ ≤ ‖y − x‖ .
Given I,m, ǫ, the hypothesis T0u = 0 implies there exists δ > 0 such that, for any J with
|J | ≤ m,
x ∈ K1 , ‖x‖ ≤ δ ⇒ |λI+J,x| ≤ ǫ ‖x‖
m .
A smaller δ, if necessary, also guarantees |(y−x)J | < 1 whenever ‖x−y‖ < δ and |J | ≤ m.
Therefore, whenever x ∈ K1 and y ∈ K2 satisfy ‖x− y‖ ≤ δ,∣∣∣∣∣∣λI,y −
∑
|J |≤m
λI+J,x
J !
(y − x)J
∣∣∣∣∣∣ ≤ 0 +
∑
|J |≤m
|λI+J,x |
|(y − x)J |
J !
≤ ǫ ‖x‖m

 m∑
|J |=0
1
J !

 ≤ ǫ‖y − x‖m.

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Proposition 2.2. Let φ : F → F be a morphism of sheaves. For any sections s, s′ of F
defined on a neighbourhood of a point x ∈ X:
j∞x s = j
∞
x s
′ ⇒ φ(s)(x) = φ(s′)(x) .
Proof: As the statement is local, we can suppose x = 0 is the origin of X = Rn and F =
R
r × Rn is trivial. We can also assume F = R× Rn is trivial, with one-dimensional fibres.
Hence, let s ≡ (s1, . . . , sr), s
′ ≡ (s′1, . . . , s
′
r) : R
n → Rr be smooth maps with the same
∞-jet at the origin. Let K = K1 ∪K2 ⊂ R
n be a truncated cone as in (2.0.2).
In this situation, Lemma 2.1 proves the existence of smooth functions f1, . . . fr on R
n such
that:
fi|K1 = si|K1 , fi|K2 = s
′
i|K2
i = 1, . . .m .
The section f ≡ (f1, . . . , fr) satisfies f|K1 = s|K1, f|K2 = s
′
|K2
, and, consequently, as φ
commutes with restrictions to open sets:
φ(f)
|
◦
K1
= φ(s)
|
◦
K1
, φ(f)
|
◦
K2
= φ(s′)
|
◦
K2
.
By continuity,
φ(s)(x) = φ(f)(x) = φ(s′)(x) .

As a consequence, if φ : F → F is a morphism of sheaves, the following map (between
sets) is well-defined:
Pφ : J
∞F → F , Pφ(j
∞
x s) := φ(s)(x) .
Proposition 2.3. Let φ : F → F be a morphism of sheaves. If s, s′ are sections of F and
xk → x is a sequence converging to a point x ∈ X, then,
jkxks = j
k
xk
s′ , ∀ k ∈ N ⇒ ∃ k0 : φ(s)(xk) = φ(s
′)(xk) ∀ k > k0 .
Proof: Again, we can suppose X = Rn and F = Rr × Rn, F = R× Rn are trivial bundles.
If the statement is not true, taking a subsequence we can assume there exists s, s′ such
that, for any k:
jkxks = j
k
xk
s′ , φ(s)(xk) 6= φ(s
′)(xk) .
Let us consider another sequence yk → x such that:
|φ(s)(xk)− φ(s
′)(yk)| > k ‖yk − xk‖ . (2.0.3)
xk 6= yl ∀ k, l . (2.0.4)
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Let us now apply Whitney’s Extension Theorem on the compact (xk) ∪ (yk) ∪ {0} to the
family of jets:
{ j∞xks , j
∞
yk
s′ , j∞x s = j
∞
x s
′ } . (2.0.5)
Due to Taylor’s Theorem (1.2.1), given I,m, ǫ, there exists δ > 0 such that, for any
i = 1, . . . , m and any points a, b in the compact, the condition ‖a− b‖ < δ implies:
∣∣∣∣∣∣(DIsi)(a)−
m∑
|J |=0
(DI+Jsi)(b)
(a− b)J
J !
∣∣∣∣∣∣ ≤ ǫ ‖a− b‖m (2.0.6)∣∣∣∣∣∣(DIs′i)(a)−
m∑
|J |=0
(DI+Js
′
i)(b)
(a− b)J
J !
∣∣∣∣∣∣ ≤ ǫ ‖a− b‖m (2.0.7)
A smaller δ, if necessary, also guarantees:
‖xk − yl‖ < δ ⇒ k, l > |I|+m =: M ,
and this allows to invoke Whitney’s Theorem:
- If ‖xk − xl‖, ‖yk − yl‖ < δ, then (2.0.7) is just Taylor’s condition.
- If ‖xk − yl‖ < δ, then k, l > M = |I|+m; as j
M
xk
s = jMxks
′, it holds:
∣∣∣∣∣∣(DIs′)(yl)−
m∑
|J |=0
(DI+Js)(xk)
(yk − xk)
J
J !
∣∣∣∣∣∣ =
∣∣∣∣∣∣(DIs′)(yl)−
m∑
|J |=0
(DI+Js
′)(xk)
(yk − xk)
J
J !
∣∣∣∣∣∣
and inequality (2.0.7) proves this quantity is less or equal than ǫ ‖yl − xk‖
m.
Therefore, there exists a smooth map f : Rn → Rr realizing the family of jets (2.0.5). Due
to Proposition 2.2, this map f satisfies:
φ(f)(xk) = φ(s)(xk) , φ(f)(yk) = φ(s
′)(yk)
and (2.0.3) contradicts the smoothness of φ(f).

2.1 Linear morphisms of sheaves
In this Section we prove Proposition 2.5, which deals with linear morphisms of sheaves, and
is the main ingredient in Peetre’s theorem.
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Lemma 2.4. Let ak → 0 be a sequence of points converging to the origin of R
n.
Assume there exist c ∈ N such that:
‖ak‖, ‖al‖ < c‖ak − al‖ ∀ k 6= l ,
and let {Tak , T0 = 0}k∈N be a family of Taylor expansions on {ak}, 0.
If Taylor’s condition holds at the origin; i.e., for any I, m, ǫ, there exists ν ∈ N such that
:
k > ν ⇒ |λI,ak | ≤ ǫ ‖ak‖
m
then there exists a global smooth function f ∈ C∞(Rn) realizing those expansions:
Takf = Tak , T0f = 0 .
Proof: We can assume |(ak − al)
J | < 1, for any multi-index J and any k, l.
Given I,m, ǫ, the hypothesis allows to find ν ∈ N such that, for any J with |J | ≤ m:
k > ν ⇒ |λI+J,ak| ≤ ǫ ‖ak‖
m .
Hence, for any k, l > ν:∣∣∣∣∣∣λI,ak −
m∑
|J |=0
λI+J,al
(ak − al)
J
J !
∣∣∣∣∣∣ ≤ |λI,ak |+
m∑
|J |=0
|λI+J,al|
|(ak − al)
J |
J !
≤ ǫ ‖ak‖
m + ǫ ‖al‖
m
m∑
|J |=0
1
J !
≤ ǫ (cm‖ak − al‖
m + cmM‖ak − al‖
m) ≤ ǫ ‖ak − al‖
m .
Therefore, Whitney’s Theorem applies and the thesis follows.

Let E, E¯ → X be vector bundles over a smooth manifold X , and let E , E¯ denote their
sheaves of smooth sections, respectively.
Proposition 2.5. Let φ : E → E¯ be an R-linear morphism of sheaves.
For any point x ∈ X, there exist an open neighborhood U ⊂ X and a natural number
k ∈ N such that:
y ∈ U , jkys1 = j
k
ys2 ⇒ φ(s1)(y) = φ(s2)(y) ,
where s1 and s2 are any representatives of j
k
ys1 and j
k
y s2.
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Proof: We can assume X = Rn, E = ORn and x is the origin. By linearity, it is enough to
prove that there exist an open neighborhood U ⊂ Rn of the origin and k ∈ N such that:
y ∈ U , jkyf = 0 ⇒ φ(f)(y) = 0 . (2.1.1)
To do so, we first prove a weaker statement; namely, that there exist a constant M > 0,
an open neighborhood U of the origin and k ∈ N such that:
y ∈ U − {0} , jkyf = 0 ⇒ |φ(f)(y)| < M . (2.1.2)
If this were not true, considering the neighbourhoods Um := {‖x‖ ≤
1
m
}, we can produce
a sequence of different points xm → 0, xm ∈ Um − {0} and functions hm such that:
jkxmhm = 0 but |φ(hm)(xm)| > m .
By Lemma 2.4, there exists a global smooth function f such that:
j∞xkf = j
∞
xk
hk , j
∞
0 f = 0 .
These conditions imply φ(f)(xk) = φ(hk)(xk) and φ(f)(0) = 0 (see Lemma 2.2), so we
arrive to contradiction:
φ(f)(xk)→ φ(f)(0) = 0 while |φ(f)(xk)| = |φ(hk)(xk)| > k .
Now, observe that (2.1.2) implies (2.1.1) on any point but the origin, for if there exist
y ∈ U − {0} and a a function f such that jkyf = 0 but |φ(f)(y)| = ǫ > 0, then, rescaling
the function f by a factor 2M/ǫ, we have:
jky
(
2M
ǫ
f
)
= 0 but
∣∣∣∣φ
(
2M
ǫ
f
)
(y)
∣∣∣∣ = 2Mǫ |φ(f)(y)| = 2M > M .
Finally, to prove (2.1.1) on the origin we argue as follows: let f be a function such
that jk0f = 0. Consider any sequence of different points xm → 0 such that 2 ‖xm − xl‖ >
‖xm‖, ‖xl‖, for m < l. Let us also consider the sequence of jets Txm =
∑
I
λI,xm
I!
(x − xm)
I
defined by the following conditions:
λI,xm :=
{
(DIf)(xm) , if |I| ≤ k.
0 , if |I| > k.
Again, we can apply Lemma 2.4, that assures the existence of a global smooth function
11
u such that:
j∞xmu = Txm , j
∞
0 u = 0 .
Due to (2.1.2), the condition jkxmu = j
k
xm
f implies φ(u)(xm) = φ(f)(xm). On the other
hand, φ(u)(0) = 0 (Lemma 2.2), so, by continuity,
φ(f)(0) = φ(u)(0) = 0 .

2.2 Regular morphisms of sheaves
Let F → X be a fibre bundle.
Given a smooth manifold T , let us denote XT := T ×X . Any open set U ⊂ XT can be
thought as a family of open sets Ut ⊂ X , where Ut is the fibre of U → T over t ∈ T .
A family of sections { st : Ut → F }t∈T defines a map:
s : U → F , s(t, x) := st(x)
and {st}t∈T is said smooth (with respect to the parameters t ∈ T ) precisely when the map
s : U → F is smooth:
Definition 2.1. A smooth family of sections of F parametrized by T is a section of F with
support on an open set U of XT :
F

XT ⊃ U
s
::✉✉✉✉✉✉✉✉✉✉
// X
Example 2.1. Let X = Rn, F = Rr ×Rn and let T := Polk(R
n,Rr) be the smooth manifold
of polynomial maps f : Rn → Rr of degree less or equal than k.
The universal family ξ is defined in U = JkF = Polk(R
n,Rr)× Rn by the formula:
ξ : U → F = Rr × Rn , (f, x) 7→ (f(x), x) ;
that is, ξf : R
n = X → F = Rr × Rn is the section defined by the polynomial f .
Definition 2.2. A morphism of sheaves φ : F → F is regular if, for any smooth family of
sections {st : Ut → F}t∈T , the family {φ(st) : Ut → F}t∈T is also smooth.
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Let φ : F → F¯ be a regular morphism of sheaves. As on any morphism of sheaves (Propo-
sition 2.2), the following map is well-defined:
Pφ : JF → F¯ , Pφ(j
∞
x s) := φ(s)(x) .
Lemma 2.6. If φ : F → F is a regular morphism of sheaves, then the map Pφ : J
∞F → F
locally factors through some finite jet space.
That is, for any j∞x s ∈ J
∞F there exist an open neighbourhood V , a natural number k ∈ N
and a commutative triangle of maps:
V
Pφ //
pik !!❈
❈❈
❈❈
❈❈
❈ F
JkF
==④④④④④④④④
.
Proof: It is a local problem, so we can assume X = Rn, F = Rr × Rn and x = 0. Moreover,
we can assume the section s : Rn → Rr representing the jet j∞0 s is the zero section s = 0.
For each k ∈ N, consider the following neighbourhood of j∞0 s:
Uk :=
[
j∞x f ∈ JF / ‖x‖ ≤
1
2k
, |DIfi(x)| ≤
(
1
2k
)k
, ∀ |I| ≤ k , i = 1, . . . , m
]
.
If the thesis is not true, for any k ∈ N we can find j∞xkf
k, j∞xkh
k ∈ Uk such that
jkxkf
k = jkxkh
k but φ(fk)(xk) 6= φ(h
k)(xk) .
If we could find smooth sections f, h of F such that j∞xkf = j
∞
xk
fk, j∞xkh = j
∞
xk
hk, then the
above statement contradicts Proposition 2.3, as it would be, for any k ∈ N:
jkxkf = j
k
xk
h but φ(f)(xk) = φ(f
k)(xk) 6= φ(h
k)(xk) = φ(h)(xk) .
But, in order to apply Whitney’s Theorem and extend j∞xkf
k, j∞xkh
k, the points xk may be
inconveniently placed. To overcome this difficulty, let us parametrize by R and consider the
points
zk :=
(
1
2k
, xk
)
∈ R× Rn ,
that satisfy:
1
2k
≤ ‖zk‖ ≤
1
2k−1
, ‖zk‖, ‖zl‖ < 4‖zk − zl‖ ∀ k 6= l.
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Let us extend each section s of F over X = Rn to the constant family s(t, x) := s(x) over
R×X = R× Rn.
For any fixed I,m, a sufficiently large k assures:
|DIf
k
i (zk)| = |DIf
k
i (xk)| <
(
1
2k
)k
≤
(
1
2k
)k−m
‖zk‖
m = ǫ ‖zk‖
m
and idem for the hki .
In this situation, Lemma 2.4 proves there exist smooth sections f = (f1, . . . , fr), h =
(h1, . . . , hr) such that, for any k:
j∞zkf = j
∞
zk
fk , j∞zkh = j
∞
zk
hk , ∀ k ∈ N .
Thus, these sections f, h of F satisfy:
jkzkf = j
k
zk
h but φ(f)(zk) 6= φ(h)(zk) , ∀ k ∈ N,
in contradiction with Proposition 2.3.

3 Peetre’s characterization of linear differential opera-
tors
Let E, E¯ → X be vector bundles over a smooth manifold X .
The jet spaces JkE → X are also vector bundles, and hence the ringed space JE → X
inherits a R-linear structure on fibres.
Definition 3.1. A linear differential operator E  E¯ is an R-linear morphism of ringed
spaces over X:
P : JE → E¯ .
Let E , E¯ be the sheaves of smooth sections of E and E¯. Any linear differential operator
P : JE → E¯ defines an R-linear morphism of sheaves:
φP : E → E¯ , s 7→ P (j
∞
x s) .
Theorem 3.1 (Peetre). The map P 7→ φP defines a linear isomorphism:
DiffR(E, E¯) = HomR(E , E¯) .
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Proof: Let φ : E|V → E¯|V be a R-linear morphism of sheaves over an open set V ⊂ X , and
let x ∈ V be a point. We have to check that, on a sufficiently small neighbourhood of x, the
morphism φ is defined by a linear differential operator of finite order.
By Proposition 2.5, there exists a neighbourhood U ⊂ V of x and a natural number k ∈ N
such that the following map is well-defined:
P : (JkE)U → E¯U , j
k
y s 7→ φ(s)(y)
where s is any representative of the jet jkys.
The map P is R-linear, and we want to prove it is smooth. To do so, we can assume E
and E¯ are trivial bundles of rank one over Rn, and therefore:
P =
k∑
|I|=0
P I(x1, . . . xn)DI .
The smoothness of the functions P I is easily achieved by induction, using that P ◦jkf = φ
is smooth, for any k-jet prolongation jkf .

4 Slova´k’s characterization of differential operators
Again, let F → X , F¯ → X denote fibre bundles and let F , F¯ be their sheaves of smooth
sections.
Definition 4.1. A differential operator F  F¯ is a morphism of ringed spaces over X:
P : JF → F¯ .
Any differential operator P : JF → F¯ allows to define a morphism of sheaves:
φP : F → F¯ , φP (s)(x) := P (j
∞
x s) .
This morphism of sheaves is regular, for its value on a smooth family of sections st : Ut → F
is:
φP (st) : (t, x) 7→ (t, P (j
∞
x st))
that is also smooth on the parameters t ∈ T .
Theorem 4.1. Let F , F¯ be the sheaves of smooth sections of two fibre bundles F, F¯ over a
smooth manifold X.
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The map P 7→ φP establishes a bijection:
Homreg(F , F¯) = Diff(F, F¯ )
where Homreg(F , F¯) and Diff(F, F¯ ) stand for the sets of regular morphisms of sheaves and
differential operators, respectively.
Proof: Let φ : F → F be a regular morphism of sheaves.
In virtue of Lemma 2.6, any point in J∞F has an open neighbourhood V such that the
following triangle commutes:
V
Pφ //
pik !!❈
❈❈
❈❈
❈❈
❈ F
JkF
Pk
==④④④④④④④④
.
It only rests to check that Pk : J
kF → F , jkxs 7→ φ(s)(x) is smooth, and, to this end, we
can suppose X = Rn and F = Rr × Rn is trivial.
Let ξ be the universal family of k-jets (Example 2.1). The smoothness of Pk follows from
the regularity of φ, because:
Pk(j
k
xs) = φ(ξf)(x) ,
where f : X → F is the only polynomial whose k-jet at x is jkxs.

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